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Two types of descent algorithms

1. Goldstein-type methods

Idea: e-neighborhood of +* stabilizes the direction

Goldstein e-subdifferential df f(x) = COIIV{ U 0 f(Z)}
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Two types of descent algorithms

1. Goldstein-type methods

Idea: e-neighborhood of +* stabilizes the direction

Goldstein e-subdifferential deG f(x) = conv U 01(2)

|z—x][<e
xMH = xk—¢ Sk with g, = argmin ||v|]
gkl veal fxh

Practical issue: computation of i

approx.
—> QGradient Sampling [Burke, Lewis, Overton '05],

INGD [Zhang, Lin, Jegelka, Sra, Jadbabaie '20],
NTD [Davis, Jiang 23], ...

1z | filz) = folz)}

e Iterates of Gradient Sampling

e
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Two types of descent algorithms

2. Bundle-type methods

“Bundle”: subgradients & function values over past iterations

{v; € afx"), v, € 0f(x?), -+, v, € f(x¥) }
LD, f), e fH ]
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Two types of descent algorithms

2. Bundle-type methods 0.1}
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» g, is a convex combination of {Vv, V,, -*+, v }

“Bundle”: subgradients & function values over past iterations

-0.8 F

{z | fi(z) = fa(z)}
e Iterates of Bundle method
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. f(x') closer to f(x*) — larger weights for v,
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Idea: e-retlghberhood-of xX stabilizes the direction
e-neighborhood of f(x*)



Perspectives via “enlarged subdifferential”

Xl =xk—qa g with g = argmin ||
VES,
Methods Convex set S,
k
Steepest descent 0f(x7) x
Goldstein-type a5 f(x") = conV{ 9 0f(z)}
fle—xHl<e,

Bundle-type (for convex f) 0, f(x) = {v | flx) 2 fx") +v1(z — x)—¢, V2§




Key message:

To get a stable descent direction,

select & combine (sub)gradients in some “neighborhood”!



Key message:

To get a stable descent direction,

select & combine (sub)gradients in some “neighborhood”!

Questions:
* What is the general principle?

e \What if more structures are known?



Part 1: A unifying principle
for constructing stable descent directions
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Preparation: set-valued analysis

For a set-valued mapping S : R" = R™

e Quter & Inner limits:

A IRm
Iim sup S(x) = U {accumulation points of {S(xk)}keN}
X—>X xk—>)_c (x, S(x))
lim inf S(xv) = (] {limit points of {SG*)}en} -
k

= xf—>x A gph

Outer semi-continuous (osc) if Iim sup S(x) = S(x)

X—X X
. Continuous if lim sup S(x) = lim 1nt S(x) S( - ) is osc, not continuous
X T X—X

Facts: 0f( - ) is osc;

d.f( - ) is continuous for every fixed € > () when fis convex
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Descent-oriented subdifferential

Amap G : R" X (0,00) =2 R" is a descent-oriented subdifferential for f if

(G1) Outer limit jointly in (x, €) stays in the Clarke subdifferential:
Iim sup G(x,€e) C df(x)

cl0, x—Xx

(G2) Separate limit yields the minimal norm subgradient:

lim ( lim sup G(x, e)) — argmin{||v]| | v € 0f(%))

el X—X
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Descent-oriented subdifferential

Amap G : R" X (0,00) =2 R" is a descent-oriented subdifferential for f if

(G1) Outer limit jointly in (x, €) stays in the Clarke subdifferential:
Iim sup G(x,€e) C df(x)

cl0, x—Xx

(G2) Separate limit yields the minimal norm subgradient:

lim ( lim sup G(x, e)) — argmin{||v|| | v € 0f(%)} |

el X—X

1/

{z | fi(z) = fa(=)}

—= [terates of Steepest Descent

_ 7 A

 The minimal norm subgradient map

G:(x,e) — argmin{||v|| | v € df(x)}

violates (G2)!




Examples of descent-oriented subdifferential

Amap G : R" X (0,00) = R™is a descent-oriented subdifferential for f if
(G1) Iim sup G(x,€) C Idf(x)

cl0, x—Xx

(G2) lim ( lim sup G(x, e)) — argmin{||v|| | v € 9f(%))

el0 X—X

Goldstein direction:
G:(x,¢) argmin{HvH | v E der(x)}
- Bundle direction (when fis convex):
G:(x,¢) argmin{HvH | v E (3€f(x)}
Gradient of Moreau envelope (when f is weakly convex):

G:(x,e) = Ve f(x) with e_f(x):=inf {f(z) + 2e)7 Y|z - tz}

10



Existence of descent directions

Amap G : R" X (0,00) = R™is a descent-oriented subdifferential for f if
(G1) Iim sup G(x,€) C Idf(x)

cl0, x—Xx

(G2) lim ( lim sup G(x, e)> — argmin{||v|| | v € 0(%))

el0 X—X

Proposition: For nonstationary point x and constant a € (0,1),
f(x—ng) < f(X) —anligll, Vg € lim sup G(x, ¢),

X=X

holds for sufficiently small € and 7.
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Algorithm

A descent-oriented subgradient method

Given a descent-oriented subdifferential G : R" X (0,00) = R"™

fori =0,1,---
Generate a direction gk’i e G(xk, €10 Z_i)

if 31, € {Gk,o» €L 2_i} Withf(xk — ﬂkgk’i) < fxh) — anngk’in } |
line-search

k+1

Update x™" " = xk — nkgk’i and break
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Algorithm

A descent-oriented subgradient method

GGiven a descent

-oriented subdifferential G :

R" % (0,00) =

fori =0,1,---

Update x

1 = xk — 1, g% and break

Generate a direction g** € G(x*, €10 27)
if 37, € {€ s €027 with f(xF — ;™) < XK — anllg*|I?

} line-search

* The inner-loop terminates for sufficiently large i (3 descent directions at xk)
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Algorithm

A descent-oriented subgradient method

Given a descent-oriented subdifferential G : R" X (0,00) = R"™
fork =0.,1,---
fori =0,1,---
Generate a direction gk’i e G(x, €10 27H)

if 37, € {€ s €027 with f(xF — ;™) < XK — anllg*|I?

k+1

Update x™" " = xk — nkgk’i and break

} line-search

if |81l < v
Update €k+1,0 — Gk,o/z and I/k_|_1 — I/k/2

elsesete; g =€ pandy,; =1

12




Algorithm

A descent-oriented subgradient method

Given a descent-oriented subdifferential G : R" X (0,00) = R"™
fork =0.,1,---
fori =0,1,---
Generate a direction gk’i e G(x, €10 27H)

if A, € {eror €027} with f(x* = mg™) < A — anllg]|1? } .
line-search

k+1

Update x**1 = xk — nkgk’i and break
i {lg™1l < v

Update €k+1,0 — Gk,o/z and I/k_|_1 — I/k/2

elsesete; g =€ pandy,; =1

Theorem: Any accumulation point X of {x*} is a stationary point, i.e., 0 € 9 f(%).

Idea: If x* close to a non-stationary pointx = G(x, €) close to G(X, €) [for a fixed € > 0]

= xk escapes x for sufficiently small €

12



A general principle: Descent-oriented subdifferential G

 Examples: Goldstein & Bundle directions

A framework of descent algorithms using G(x, €)
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A general principle: Descent-oriented subdifferential G

 Examples: Goldstein & Bundle directions

A framework of descent algorithms using G(x, €)

Question 2: What if more structures are known? e.g., f(x) = max{f;(x),f>(x)}

smooth

13



Part 2: Efficient construction
for nonsmooth marginal functions
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Goal:

A toy example .+ G(-.¢)is osc
, lim G(x, ¢) = argmin ||v||
el0 VeI (F)

For a piecewise smooth function f(x) = max{f,(x),/»,(x)},

df(x) = 9 Vi VHX)+Y, VAH(X) | §V E argmax[ylfl(x) + Ysz(X)] :
yEA?

A ={y>0|y +y=1}
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., Im G(X, €) = argmin ||v||
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Goal:

A toy example .+ G(-.¢)is osc
. liﬁ)l G(x, ¢) = argmin ||v|]
¢ Ve f(X)

For a piecewise smooth function f(x) = max{f,(x),/»,(x)},

df(x) = 9 Vi VHX)+Y, VAH(X) | §V E argmax[ylfl(x) + Ysz(X)] :
yEA?

A ={y>0|y +y=1}

For any € > 0, define

€
G(x,e) = V], VAMX)+Y, VLX) | ¥ € argmax |y, f;(x) + y, /(%) — > vy VAKX + 3, VL)) ]
yeEA® subgradient regularization

Fact: G is a descent-oriented subdifferential
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Comparison with Goldstein & Bundle

1 6

A nonconvex piecewise smooth function f(x) = Z(x1 — 1)+ Z ‘xm — 2(xl-)2 + 1 ‘ with f* =0
i=1

« SRDescent: the descent-oriented subgradient method + G(x, €) via subgradient regularization

[ [

T

1
101 - SRDescent E 10 ) SRDe.scent : ——
: i — — Gradient Sampling| | | — — Gradient Sampling| |
: — === Bundle ‘ 0 : i — === Bundle
0 - i i ].O 2 l =
g | | A
I N\
i | ‘-\ S
1 i N 10_1 i ! 1072 |‘ ~ o |
L 107 - | - N
| ;\‘\N, | !\\/ \‘ ~
—~~ 1 \~.\‘ SE—\ |‘
E 10-2L | TS B 2L 00 | l
S 0 - : i — E S— |‘ \\ 0 9 A 135
\ T “
~
\ _3 >
1075 ¢ \ | 1077 ¢ “ s ]
\ ; ~ ~_
\\ i = - —
104 | f 107 -
0 50 100 0 1 2 3
Elapsed Time (s) Number of gradient evaluations x10°
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Comparison with Goldstein & Bundle

{z] fi(z) = fo(2)) | {z] Aile) = h(2)) / {2 | fie) = fol)}
e Iterates of Gradient Sampling e Iterates of Bundle method L e Iterates of SRDescent
1 - 1 1 | | i 1 | | : | | : : 1 |
Gradient Sampling Bundle method Subgradient Regularization

combining (sub)gradients at nearby points
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Comparison with the prox-linear method

A piecewise linear approximation of f(x) = max{ f(x),f»(x)} at xk

fO6x%) = max {f,(x") + VA T(x — x|

i=1,2
The prox-linear update:

|
x**1 = argmin {f(x; x*) + 2—Hx — kaz},
. €
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Comparison with the prox-linear method

A piecewise linear approximation of f(x) = max{ f(x),f»(x)} at xk

fO6x%) = max {f,(x") + VA T(x = xH }.

i=1,2
The prox-linear update:

|
x**1 = argmin {f(x; x*) + 2—Hx — kaz},
. €

= A minimax formulation:

2
il = argmin {max Z yl-(fl-(xk) + Vfl-(xk)T(x — xk)) + in — xkﬂz}

X yEA? 1 2€
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Comparison with the prox-linear method

A piecewise linear approximation of f(x) = max{ f(x),f»(x)} at xk

fO6x%) = max {f,(x) + VA T(x = xH }.

i=1,2
The prox-linear update:

|
x**1 = argmin {f(x; x*) + 2—Hx — kaz},
. €

= A minimax formulation:

2
il = argmin { max Z yi(fl-(xk) + Vfl-(xk)T(x — xk)) + in — kaZ}

X yEA? 1 2€

= xk — 6[)71 Vfl(xk) + ) VfZ(xk)]’

_ €
where y € argmax {Mfl(x) + Vo h(x) = =lly; V/;1(0) + ¥, sz(x)Hz}
yEA? 2 subgradient regularization
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Comparison with the prox-linear method

A piecewise linear approximation of f(x) = max{ f(x),f»(x)} at xk

fO6x%) = max {f,(x") + VA T(x = xH }.

i=1,2
The prox-linear update:

|
x**1 = argmin {f(x; x*) + 2—Hx — kaz},
. €

Observation: For f(x) = max{f;(x),/>(x)},

G(x, €) via subgradient regularization <= the prox-linear update with stepsize €

* A dual interpretation of the prox-linear method

e can be extended to composite function (convex) o (smooth) by conjugate duality

18



Subgradien regularization beyond composite structure

For the marginal function:

J(x) = max @(x,y)
yeY

» Yis convex and compact, @ is C I and concave in y
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Subgradien regularization beyond composite structure

For the marginal function:

J(x) = max @(x,y)
yeY

» Yis convex and compact, @ is C I and concave in y

a a €
G(x, €) = U Vo, y) | ¥ € argmaX{qﬂ(x, ) = SlIV.px.) 2}
yey subgradient
regularization
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Subgradien regularization beyond composite structure

For the marginal function:

J(x) = max @(x,y)
yeY

» Yis convex and compact, @ is C I and concave in y

a a €
G(x, €) = U Vo, y) | ¥ € argmaX{qﬂ(x, ) = SlIV.px.) 2}
yey subgradient
regularization

Extension:

fo) = [max Po(x,) subjectto g(x,y) <0, j = 1,---,r]
Y

 Characterize d f(x), and apply subgradient regularization

19



Takeaways

1. A unifying principle for stable descent directions

e G(x,e) — ‘gradient’ in nonsmooth optimization

/N

continuity = minimal norm subgradient

2. Efficient construction of descent directions
 Subgradient Regularization for marginal functions

 For (convex) o (smooth), Subgradient Regularization <= Prox-linear update

Thank you!

20
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Example: max-of-smooth
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Example:

L AT

SRDescent
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Mmin-of-smooth

1
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Example: general marginal functions

Elapsed Time (s)
Dim. of x = 300

10° r
s 173, = 1 ()
, -7, = 2()
e L m = 50
i - - = = 100/ 1
10V E '
N
\ -
‘ ~
* T "
T ! * v~ - -~
—~ 10~° ‘i TN -
= | s
= l TN
i i
1010
1()—|~’ 1 1 L 1 | 1
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J(x) =

: T L5 4
min < (c+Dx)'y+—=y Qy+ |x]
yeR™ 2

subjectto b —Ax—-1< Wy <b—-Ax.



